Much work has been concentrated on the development of Adaptive Mesh Refinement (AMR) codes for gas-dynamics, see for instance [1] for one of the most classic examples and [2] for a more recent result. The idea is to concentrate degrees of freedom where the solution is rich in structure and thus needs a high resolution.
Motivation
Much work has been concentrated on the development of Adaptive Mesh Refinement (AMR) codes for gas-dynamics, see for instance [1] for one of the most classic examples and [2] for a more recent result. The idea is to concentrate degrees of freedom where the solution is rich in structure and thus needs a high resolution.
The effectiveness of the AMR strategy relies heavily on the quality of the indicator that drives the process of mesh refinement and coarsening. In this work, an indicator based on the local production of entropy is proposed, extending previous work [5] on one-dimensional schemes, based on staggered cells.
In the following, we start with a brief description of the entropy indicator and we conclude with a few numerical examples from gas dynamics, comparing AMR versus fixed grid computations.
The entropy indicator
We consider the hyperbolic system of conservation laws:
First, we write the finite volume formulation for (1) . For simplicity, we start with a uniform grid, composed of square cells of the form
. Integrating (1) over the cells Q j,k , we find the semidiscrete formulation, which gives the evolution of the cell averages:
(2) This system of equations is discretized with a second order semidiscrete scheme. Space discretization is obtained reconstructing point values from cell averages through a piecewise linear function. The approximate slopes, in the numerical examples, are computed with the MinMod limiter. The fluxes appearing in (2) are approximated with the Lax-Friedrichs numerical flux, while the integrals on the edges of each cell are evaluated with the mid-point rule. Time integration is performed with a TVD second order Runge-Kutta scheme. See [3] for further details.
As error indicator to drive the choice of the adaptive grid, the entropy indicator proposed in [5] for central schemes on staggered grids was adapted to the 2D setting.
To construct the entropy indicator, we associate to (1) the entropy inequality:
where η is a convex function and ψ and φ are entropy fluxes defined by the compatibility conditions:
where Jf and Jg are the Jacobians of f and g respectively. For gas dynamics, in the following examples, η was chosen as:
where ρ is the density, e is the internal energy, γ is the ratio of specific heats, and v x and v y are the x and y components of the gas velocity.
Next, (3) is written in finite volume formulation, integrating on the control
It is well known that, if the solution is smooth, the LHS of (4) is identically zero, while, if u has a shock, the LHS of (4) is strictly negative, and its sign identifies the unique physically relevant weak solution of (1). We define the numerical entropy production in the V n j,k control volume as the quantity:
(5) Here Ψ and Φ are smooth numerical entropy fluxes, consistent with the physical entropy fluxes. In the present case, we pick:
, with similar definitions for the other numerical entropy fluxes appearing in (5) . The functions u n (x, y) and u n+1 (x, y) are the reconstructed data at time t n and t n+1 obtained from the cell averages {u n j,k } and {u n+1 j,k } respectively. The space integrals for η in (5) are approximated with the midpoint rule:
while the time integrals of the fluxes are computed with the same quadrature rule induced by the Runge-Kutta scheme. The quantity S n j,k defined in (5) is the error/smoothness indicator proposed in this work for two-dimensional systems of conservation laws. In [5] , it is proven that the entropy indicator S n j,k satisfies the following estimates:
where p is the order of accuracy of the underlying numerical scheme: in the present case therefore p = 2. Thus S n j,k is of the same order of magnitude of the local residual for smooth flows, and it decays as h p when the grid is fine enough to resolve the smoothness of the solution. On the other hand, S n j,k is very large on discontinuous solutions.
This behaviour makes S n j,k an effective a posteriori error/regularity indicator for grid adaptivity. Remark 2. The construction of the quantity S n j,k applies, in principle also to higher order schemes, see [5] . Only, the integrals in (5) must be evaluated with higher order quadrature rules.
Numerical results
We test the technique proposed in this work on a few examples drawn from 2D gas dynamics. The solutions appearing in Figg. 1, 2 and 3 are the result of the evolution of 2D Riemann problems. We consider, respectively, the initial conditions labelled as configuration 4, 5 and 16 in [4] . Configuration 4 contains the interaction of four shock waves, configuration 5 results from the evolution of four contact discontinuities, while configuration 16 is the solution of a two-dimensional Riemann problem containing two contact discontinuities, a rarefaction wave and a shock.
The figures show a contour plot of the density component of the solution, together with the mesh chosen by the adaptive algorithm. It is clear that in all cases the indicator identifies the cells crossed by a discontinuity. Moreover, Fig. 3 shows that the indicator is able to distinguish between regions containing sharp gradients from wave fronts: here in fact refinement occurs on the shock, the two contacts and the corners of the rarefaction wave, while no refinement is needed in the body of the rarefaction wave, where the solution is smooth. condition on the finest grid. In semidiscrete schemes, artificial diffusion does not depend on the local mesh ratio λ = ∆t/h, see [3] . Thus we do not expect a deterioration in resolution caused by the fact that the solution on the coarse cells marches at a time step well below the CFL limit. 
